Abstract. It is shown that the Galois closure of the henselization of a one dimensional local field arising in geometric and arithmetic situation is separably closed.
Introduction
Let k be an algebraically closed field and C be a regular k-curve. Let τ be a closed point of C and R = O C,τ . Let R h denote the henselization of R andR the completion of the DVR R. Recall that R h is the integral closure of R inR. Let K be the function field k(C) and K h = QF(R h ) be the fraction field of R h . One of the main result proved here is the following: Theorem 1.1. The Galois closure of K h /K is the separable closure of k(C).
The proof when the base field k has characteristic 0 is fairly simple. In the case when char(k) = p > 0, the proof uses the existence of Harbater-Katz-Gabber covers. Recall that given any I-Galois extension L/k((x −1 )) it extends uniquely to an I-cover Y → P 1 x which is totally ramified at most at x = 0 and x = ∞ such that the cover is tamely ramified at x = 0 and the local field extension at x = ∞ agrees with the extension L/k((x −1 )) [ [Kat] , [Ha2] ]. Such a cover will be called the Harbater-Katz-Gabber cover associated to L/k((x −1 )). An arithmetic analogue of the above result is also proved in section 5. More precisely, it is shown that the Galois closure of the strict henselization of a number field at a prime is algebraically closed. Finally in section 6 an analogue of the existence of Harbater-Katz-Gabber cover in the number field case is explored.
Lemmas
We begin with the following lemma which reduces the problem involving infinite extensions of fields to certain statements about finite extensions of fields.
Lemma 2.1. Let K ⊂ M be fields. LetM be the separable closure of M . Let K a andK be the separable closure of K in M andM respectively. Given a finite separable extension L 1 /M with L 1 ⊂M , suppose there exists a finite separable extension L/K with Galois closureL such that L ⊂ M and the compositumLM contains L 1 . Then the Galois closure of K a /K isK.
Proof. SinceM is separably closed, so isK. Since the Galois closure of K a /K is contained inK, it is enough to show thatK is contained in the Galois closure of K a /K. Let α ∈K then M (α)/M is a finite separable extension. So by the hypothesis, there exists a finite separable extension L/K with Galois closureL such that L ⊂ M andLM contains α. But α is separable over K and separable
Let I be a finite group and l be positive integer coprime to |I|. Let G be the wreath product Z/lZ ≀ I = (Z/lZ) I ⋊ I and q : G → I the canonical projection.
Lemma 2.2. Let I 1 ≤ G be a subgroup such that I 1 is isomorphic to I. Then ∩ g∈G gI 1 g −1 = {e}. In other words, the maximal subgroup of I 1 which is also a normal subgroup of G is {e}.
Proof. If I = {e} then there is nothing to prove. The normal subgroup (Z/lZ) I has order prime to |I|. Hence q(I 1 ) = I. Let (f, i) ∈ ∩ g∈G gI 1 g −1 for some i = e. Let i 1 ∈ I be different from e, then there exists a unique e = i 0 ∈ I such that i = i 1 i 0 i −1
But this is clearly false.
Characteristic zero case
First we shall give a proof of Theorem 1.1 when char(k) = 0. Let x be a regular parameter of R. ThenR = k [[x] ] and its fraction fieldK = QF(R) = k((x)). It is well known (Newton's theorem) that the algebraic closure ofK is
as subrings of Ω. In view of Lemma 2.1, it is enough to show that for every n ∈ N, there exists a finite extension L/K with Galois closureL such that L ⊂K and n divides [LK :K] .
Note that the polynomial
There are two points lying above x = 0 P 0 = (x = 0, Y = 0) and P 1 = (x = 0, Y = 1) in the plane curve f (Y ) = 0. Also note that this curve is regular at the two points P 0 and P 1 . So these are the only two points in the normalization C lying above
Note that L is the function field of k(C). Since there are exactly two points above x = 0 and P 1 is unramified for the cover C → A 1 x , the ramification index at the point P 0 is n. Hence the inertia group ofL above a point at x = 0 is a multiple of n. This exactly means that n divides [LK :K].
Positive characteristic case
When the char(k) = p = 0 then the situation is a little more complicated. The algebraic closure of k((x)) is a complicated field. In fact, the absolute Galois group of k((x)) is a profinite group of the rank same as the cardinality of k.
Let G be a finite group and Φ : X → P 1 x be a G-Galois cover. We shall view k(X) as a subfield of Ω = k((x)). Let y 1 , . . . , y r be points in X lying above x = 0. The inclusion of k(X) into Ω corresponds to choosing a point of X above x = 0 (the center of the unique valuation of k(X)k((x)) on X). Let y = y 1 be this point. Let I ≤ G be the inertia group of Φ at y. Let I ′ ≤ I be the maximal subgroup of I which is a normal subgroup of G.
Proof. By definition of I ′ and the Galois correspondence k(X) I ′ is the Galois closure of the field extension k(X) I /k(x).
Lemma 4.2. The field k(X) I is a subfield of k((x)).
Proof. By [Bou, Corollary 4, Section 8.5, Chapter 6] Gal(k(X)k((x))/k((x))) is the inertia group of Φ at y.
Proof of Theorem 1.1 in positive characteristic case. LetL/k((x)) be a finite Galois extension with Galois group I. Let X → P 1 x be the Harbater-Katz-Gabber cover associated to the extensionL/k((x)). Note that X → P 1 x is an I-cover totally ramified at x = 0 and x = ∞ with inertia group I at x = 0 and tamely ramified at x = ∞. Let l ≥ 1 be coprime to |I|. By [Ha2, Prop 3.3] there exists a cover Y → X such that the composition Y → X → P 1 x is a Z/lZ ≀ I-Galois cover and the inertia subgroup I 1 of Y → P 1 x at some point above x = 0 is isomorphic to I. Now in view of Lemma 2.2, Lemma 4.1 and Lemma 4.2 the subfield
=L. This is all one is required to show in view of Lemma 2.1.
Arithmetic case
Now we deal with the number field case. In this case, the residue field is not separably closed so strict henselization is used instead of henselization.
Theorem 5.1. Let K be a number field, O the ring of integers, p a prime of O and R = O p the local ring at p. Let R h be the strict henselization of R and K h be the field of fractions of R h . Then the Galois closure of the algebraic extension K h /K is algebraically closed.
Proof. As in the previous cases we use Lemma 2.1 to reduce the question to a statement on finite extensions of K. Let M be the the local field obtained by completion at p, i.e. M = QF(R). Let M h be the fraction field of the maximal unramified extension ofR. Note that K h is the algebraic closure of K in M h . Let L 1 /M be a finite extension, it is enough to show that there exists a finite extension
By passing to the Galois closure of L 1 /M we may assume L 1 /M is a Galois extension with Galois group I. By local field theory there exists an extension
). Let l ≥ 1 be coprime to |H| and G be the wreath product Z/lZ≀H = (Z/lZ) H ⋊H. By Lemma 2.2 we know that ∩ g∈G gHg −1 = {e}. Hence for the subgroup J ≤ H ≤ G we have ∩ g∈G gJg −1 = {e}. By a result of Shafarevich ([Sha] ), there exists a GGalois extensionL/K dominatingL 0 /K. Moreover its proof in [Ser, Claim 2.2.5], shows that the extensionL/L 0 can be arranged to be unramified over all primes of L 0 lying above p. It follows thatLM h ⊃ L 1 M h and the inertia subgroup ofL/K at some prime q lying above the prime q 0 inL 0 is the subgroup Gal 
Local to global in number field case
Let K be a number field, v be a finite place of K and K v be the completion of K at v. LetL/K v be a Galois extension with Galois group G. By ramification theory, we know that G is a solvable group. The question which we want to investigate in this section is the following. Does there exist a G-Galois extension L/K branched only at v and v is non-split in L such that the completion of L at its unique place w lying above v isL? This is an analogue of Harbater-Katz-Gabber-cover in the number field case. The first thing to notice is that we must assumeL/K v is totally ramified. This is because K v has an infinite maximal unramified extension and an extension L/K corresponding to an unramified extension of K v will be unramified. But Hilbert class field of K is a finite extension of K.
When the group G is abelian, it follows from class field theory (see [Ser, Lemma 2.1.6] ) that this question has an affirmative answer.
Proposition 6.1. Let G be an abelian group andL/K v be a totally ramified GGalois extension then there exists an extension L/K branched only at v such that v lifts to a unique place of w of L and L w =L.
Proof. By local class field theory there is a surjective map (Artin homomorphism)
For other places u of K define ǫ u : K * u → G to be trivial. By global class field theory, there exists a G-Galois extension L/K whose local Artin homomorphisms agree with ǫ u on the inertia subgroup at u for a place u of K. Since ǫ u is trivial for all places u of K different from v, L/K is branched only at v. Note thatL defines a place w of L lying above v. Since Gal(L/K) = Gal(L w /K v ), we obtain that v is non-split in L.
The above result can be extended for arbitrary |G| in certain situations.
Proposition 6.2. Let G be a group andL/K v be a totally ramified G-Galois extension and
Proof. First we note that G is a solvable group. In the ramification filtration on G,
G 1 is a p-group and G 0 /G 1 is a cyclic prime-to-p group where p is the characteristic of the residue field. Also G i /G i+1 for 1 ≤ i ≤ n−1 are elementary abelian p-groups. All fields are viewed as subfields of a fixed algebraic closure of K v . We will construct extensions
Gi satisfying the conclusion of the theorem. For i = 1, we can use Proposition 6.1 to obtain L 1 . Now assume that we have constructed the extension L i /K branched only at v, w i is the unique place of L i lying above v and the completion of L i at w i isL i .
Again applying Proposition 6.1 to the (
branched only at w i such that w i lifts to the unique place w i+1 of L i+1 and the completion of L i+1 at w i+1 isL i+1 . So the place v of K lifts to the unique place w i+1 of L i+1 and L i+1 /K is branched only at v. . So all primes dividing class number of M is also greater than |G|.
We already have that L 1 /K is a G/G 1 -Galois extension. Assume that L i /K is a G/G i -Galois extension, we shall show that L i+1 /K is a Galois extension.
LetL i+1 be the Galois closure of
. Let f (x) be the minimal polynomial of β over K. Note thatL i+1 is the splitting field of f (x). Since [
is also the minimal polynomial of β over K v . AlsoL i+1 /K v is Galois, hence all the roots of f (x) are inL i+1 . So we haveL i+1 ⊂L i+1 . Letw i+1 be the place ofL i+1 corresponding to the DVRÔ Li+1 ∩L i+1 and note thatw i+1 is lying above w i+1 . Also the decomposition subgroup atw i+1 ofL i+1 /K is Gal(L i+1 /K v ) is same as the decomposition group of L i+1 /K at w i+1 . HenceL i+1 /L i+1 is an unramified extension. But by the first paragraph, primes dividing class number of L i+1 are greater than |G|. Where as [L i+1 : L i+1 ] divides [L i+1 : K] which in turn is a factor of |G|!. So L i+1 =L i+1 is a Galois extension of K. The Galois group is
